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1 Modules over Rings

1.1 Hom Functor
Theorem 1.1. Let A be a ring and let
x Ly x 2, x 0

be a sequence of A-modules. This sequence is exact if and only if, for every A-module Y, the
the induced sequence

Hom 4 (f,Y) Hom 4 (g,Y)
i o e

Hom(X',Y) Hom(X,Y) Homu(X",Y) +—— 0

18 exact.
Theorem 1.2. Let A be a ring and let
0 — v Loy Ly

be a sequence of A-modules. This sequence is exact if and only if, for every A-module X,
the the induced sequence

Hom 4 (X, f) Hom 4 (X,g)

0 —— Homyu(X,Y") Homyu (X, Y) Hom4(X,Y")

18 exact.

1.2 Free Modules

Proposition 1.3 (Universal Property of Free Modules). Let M be a free module over a ring
A, with basis {x;}ic;. Let N be an A-module and {y;}ic; a subset of N. Then there is a
unique homomorphism ¢ : M — N so that ¢(x;) = y; for all i.

Proposition 1.4 (Mapping a Basis to a Basis is an Isomophism). Let M and N be free
modules over a ring A with bases {x;}icr and {y;}ier respectively. Then the unique homo-
morphism ¢ : M — N such that ¢(x;) = y; is an isomorphism (of A-modules).

Proposition 1.5. Free A-modules with bases of equal cardinality are isomorphic (as A-
modules).

Proposition 1.6. Let M be a free module over a ring A with basis {x;}ic;. Then

iel
(Note: Az; = {ax;:a € A}.)
Proposition 1.7. Let M be a free module over a ring A with basis {x;},cr. Let a be a
two-sided ideal of A. Then aM is a submodules of M, and ax; is a submodule of Ax;. Then
Az;/ax; = A/a, and
M/ClM = @Amz/ax,
iel

That is, M/aM is a free module over A/a (free as an A/a module).
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Proposition 1.8. Let M be a principal module over a commutative ring A, and let x € M so
that M = Ax. Then the map f : A — M by a — ax is a surjective A-module homomorphism.
Let a =ker f. Then AJa= M as A-modules.

Proposition 1.9. Every free module is projective.

1.3 Dual Module

Proposition 1.10. Let E be a finite rank free module over a commutative ring A. (E has a
finite basis.) Then EY is also free, with dimension equal to the dimension of E. In particular,
gwen a basis {z;}I, of E, define f; : E — A by fi(x;) = 0;;. Then {f;}I, is a basis of EV.

Proposition 1.11. Let E be a finite rank free A-module. Then the map E — EVV defined
by x — (f — f(x)) is an isomorphism (of A-modules).

Proposition 1.12. Let U, V, W be finite rank free modules over a commutative ring A, and

let

0 N NN v Ny 5 s 0

be an exact sequence of A-modules. Then the induced sequence

0 —— Homyu (U, A) —— Homu(V,A) —— Homyu(W,A) —— 0

(in other notation)

15 exact.

1.4 Modules over Principal Ideal Domains

Proposition 1.13. Let R be a principal ideal domain. Let F be a free R-module, and M a
submodule of F'. Then M is free, and its rank is less than or equal to the rank of F. (Note:
It is very important that R is a PID. The result is not true when R is not a PID.)

Proposition 1.14. Let R be a PID, and let E be a finitely generated R-module. Then any
submodule of E is finitely generated.

Proposition 1.15. Let R be PID, and let E, E' be R-modules such that E' is free. Let
f: E — E" be a surjective homomorphism. Then there exists a free submodule F' of E so
that f|p : F'— E' is an isomorphism, and E = F @ ker f.

Proposition 1.16. Let R be a PID, and let E be a finitely generated R-module. Then
E/Eio: is free, and there is a submodule F' of E so that E' = Ey,, & F.

Proposition 1.17 (Classification of Finitely Generated Modules over PIDs). Let R be a
PID and let E be a finitely generated R-module. Then E is a direct sum

E=E(p)
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where p ranges over a set of representative of associate classes of primes of R. Each E(p)
can be written as a direct sum

E(p) =R/ &...®& R/(p")

where 1 < k; <...<k,. The sequence ky,...,k, is uniquely determined.

Proposition 1.18. Let R be a PID and let E be a nonzero, finitely generated torsion R-
module. Then E is isomorphic to a direct sum of non-zero factors

E~R/(q)®...R/(q,)

where qi, . . ., qn are non-zero non-units of R and q1|q2| . . . |qn. The sequence of ideals (q1), - - ., (qn)
1s uniquely determined by the above conditions.

Proposition 1.19 (Elementary Divisors Theorem). Let R be a PID and let F' be a free
R-module. Let M C F' be a nonzero finitely generated submodule. Then there exists a basis

B of F' and elements {e1,...,e,n} C B and non-zero elements ay, . ..a,, € R so that
1. The elements ayeq,. .., ame,y form a basis for M over R.
2. a;lajiy fori=1,...,m—1.

The sequence of ideals (ay), ..., (am) is uniquely determined by the above.

1.5 Tensor Products

Proposition 1.20 (Generators for Tensor Product). Let R be a commutative ring and let
Ey, ..., E, be R-modules. Then

{r1®...0z,:x; € E;}

is a generating set for @;_, E;. That is, every element of Q;_, E; can be written as

n

Zri(m@...@xn)

i=1
for x; € E; and r; € R.

Proposition 1.21 (Linearity of Tensor Product). Let R be a commutative ring and let X,Y
be R-modules. Let x1,xo € X and y1,y2 € Y and r € R. Then

(1 4+22) @Y1 =21 QY1 + T2 @y
T1® (Y +y2) =21 @Y1 + 21 @ Yo
r(r1 @y1) = (re) @y = 11 @ (ry1)

(These properties generalize in the obvious way to a tensor product of more than two mod-
ules.)



Proposition 1.22 (Universal Property of Tensor Product). Let R be a commutative ring
and let X, Y, G be R-modules. Then for every multilinear map ¢ : X xY — G, there is a
unique R-module homomorphism ¢, : X g Y — G making the below diagram commute.

XxY 25 X®@pY

¢ ~

G

That is, p.(x ®y) = ¢(x,y). (Note that this generalizes to tensor products of more than two
modules.)

Proposition 1.23. Let m,n € N be relatively prime. Then viewing Z/mZ and Z/nZ as 7
modules, Z/mZ @ Z/nZ = 0.

Proposition 1.24 (Associativity of Tensor Product). Let Fy, Ey, E3 be R-modules. There
is a unique isomorphism (Ey ® Ey) ® E3 — F1 ® (Fy ® E3) such that

(zRY)®2z— 10 (YR 2)

Proposition 1.25 (Commutativity of Tensor Product). Let E, F' be R-modules. There is a
unique isomorphism EQ F — F ® E such that t @ y — y ® x.

Proposition 1.26 (Functoriality of Tensor Product). Let f; : El — E; fori=1,...,n be
a family of R-module homomorphisms. Then we get a map [[ fi : [[ Ei — [] Ei- Then the
composition @ o [[ fi : [ Ef = Q) E; induces a map T : Q E. — Q) E; by the universal
property, and the following diagram commutes.

Eyx..xE, 25 E®. ®E,
The map T is sometimes notated asT = f1 ® ... R f,.

Proposition 1.27. Let R be a commutative ring and E, F, G be R-modules. Then L(E, F;G) =
L(E ® F,G). This isomorphism takes a bilinear map f : E X F' — G to the induced map
fo : E®@F — G where f(e® f) = f(e, f).

Proposition 1.28. Let R be a commutative ring and E, F, G be R-modules. Then L(E, L(F,G)) =
L(E,F;G). For ¢ : E — L(F,G), this isomorphism is given by ¢ — fs wher fy(z,y) =
¢(x)(y)-

Proposition 1.29 (Tensor Product Distributes over Direct Sum). Let F,{E;};cr be R-

modules. Then
Fo@E=@PFe k)

iel il



Proposition 1.30. Let E be a free R-module with basis {v;}ic;. Let F' be an R-module.
Then every element of F @ E has a unique expression of the form

Z Yi @ v;
iel
where y; € F' and only finitely many terms are nonzero.

Proposition 1.31. Let E, F be free R-modules with respective bases {v;}ier and {w;}jes.
Then E ® F is free with basis {v; @ wy;}. As a result,

dim(E x F) = (dim F)(dim F)

In particular, in the case where F' = R, the tensor product E ® R is isomorphic to E via the
correspondence T +— x ® 1.

Proposition 1.32. Let E, I be finite dimensional free R-modules. Then there is a unique
1somorphism
EIldR(E) X EIldR(F) — EIldR(E X F)

so that
feg—=T(fg)

Proposition 1.33 (Tensor Functor is Right Exact). Let

0 — B —> s p Yy g s 0

be an exact sequence of R-modules, and fiz an R-module F'. Then the sequence
FQF — FQE — FQFE' —— 0
is exact. (When left exactness holds, F' is called a flat module.)

Proposition 1.34. Let R be a commutative ring with an ideal a. Let E be an R-module.
Then the map (R/a) x E — E/aE induced by

(a,z) = ar (mod aF)
(where a € R and x € E) is bilinear and induces an isomorphism
(R/a) @ E = E/aFE
Proposition 1.35. Let m,n € Z and let d = ged(m,n). Then
(Z)MmZ) @z (Z)nZ) = Z]dZ
Proposition 1.36. Let A be a nonzero finitely generated abelian group. Then A ®z A # 0.

Proposition 1.37. Q/Z ®7Q/Z = 0. (This is an example of a nonzero infinitely generated
abelian group whose tensor product with itself is zero.)
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1.6 Flat Modules

Proposition 1.38. Let F' be an R module. The following are equivalent.
1. The functor E — E ® F is exact.
2. The functor E+— E ® F 1is left exact.

3. For every injective R-module homomorphism E' — E, the induced map E'QF — EQF
18 1njective.
(E,E" are R-modules and tensors are over R.)
Proposition 1.39. Projective modules are flat.

Proposition 1.40. Let R be a commutative ring. Then R is flat as an R-module.

Proposition 1.41. Let R be a commutative ring and let { F;}ier be a collection of R-modules.
Then @1 F; 1s flat if and only if each F; is flat.

Proposition 1.42. Let R be a principal ideal domain. Then an R-module F' is flat if and
only if it is torsion free.

Proposition 1.43. Let R be an integral domain, and let M be an R-module with torsion.
Then M is not flat.

Proposition 1.44. Let R be a commutative ring and let F' be an R-module. The following
are equivalent:

1. F s flat.

2. Torf(F, M) =0 for every R-module M.

3. Torf(F,M) =0 for all i € N and every R-module M.
4. Tor(F,R/I) =0 for all ideals I C R.

Proposition 1.45. Let F be a flat R-module and supppose that 0 — N — M — F — 0 1s
an ezact sequence of R-modules. Then for any R-module E, the sequence 0 — N @ E —
M®FE—F®FE— 0 is eract.

Proposition 1.46. Let R be a commutative ring, and let F' be an R-module. Then F' is flat
if and only if for every ideal I C R the natural map [ @ F' — I'F given by x® f — xf is an
isomorphism.

Proposition 1.47. Let R be a commutative ring, and let F' be an R-module. Then F' s flat
if and only if for every ideal I C R, the sequence 0 - Q@ FF - R F — (R/I)® F — 0 is
exact.

Guide to relationships between free, projective, and flat:
free = projective = flat
Over Z, projective <= free
Over a PID, flat <= torsion free



1.7 Homology
Proposition 1.48. Let R be a ring and let

di—3 . di—2 . di—l . d’L 3 di+1
. s B 2 N 1 s B Ez+1 \

be an exact sequence of R modules. Then for each i we have an exact sequence

0 —— kerd’ y B~ imd —— 0

Proposition 1.49. Let R be a commutative ring and let M be an R-module. Then there is
a free resolution of M.

Proposition 1.50. Let R be a ring and let E', E, E" be chain complexes of R-modules,
forming an exact sequence of morphisms of degree zero,

' E 25 B —— 0

0 —— F

We can write this out fully as

di_y di—z di_y
fi—1 gi—1
0 »El, — B, —— B/, —— 0
di_q di—1 di’ 4
fi gi "

0 — E —m E;, — E/ — 0

d; d; djf

k3

i i
0 —— EZ(+1 —+1> Ei-l—l —+1> Ei+1 — 0

diiq dit1 ditq
fit2 Ji+2
/ 1A
0 E’H—Q 7 Ei+2 > Ei+2 —_— 0
dita dit2 i\ o

Then there exists a morphism 6 : H(E") — H(E'") of degree 1, that is, a family of morphisms
0; : Hi(E") — H; 1 (E'"), fitting into the following long exact sequence:

0i—1 5;

)y 29 gy Y omgaery
9 n Hira(f) Hiy1(g) my il
—— Hi (F') —— Hi(E) —— Hig(B") ——

Proposition 1.51. Let f,g : E — E’ be homotopic morphisms of complexes. Then f, g
induce the same homomorphism on homology, that is, H(f,) = H(g,) : Hy,(E) — H,(E").



1.8 Projective Modules

Theorem 1.52. Let A be a ring and let P be an A-module. The following are equivalent.
(1) Given a homomorphism f : P — M" and a surjective homomorphism g : M — M",
there exists a homomorphism h : P — M so that go h = f. That is, given a commutative
diagram as below, the dotted line can be filled in.

P
x 9
M s M s 0

(2) Every exact sequence 0 — M' — M" — P — 0 splits.
(8) There exists a module M so that P & M 1is free.
(4) The functor M — Homa(P, M) is ezact.

Proposition 1.53. Let R be a ring and P be an R-module. The following are equivalent.
1. P 1s projective.
2. Exth(P, M) =0 for all R-modules M and n > 1.
3. Extp(P,M) =0 for all R-modules M.

Proposition 1.54. FEvery free module is projective.

Proposition 1.55. Over a PID, every projective module is free. (Thus over a PID, free is
equivalent to projective.)

Proposition 1.56. Fvery projective module is flat.

1.9 Injective Modules

Proposition 1.57. Fiz a ring R, and let I be an R-module. The following are equivalent.
(1) Given an exact sequence 0 — M’ — M of R-modules and a homomorphism f : M' — I,
there exists h so that the following diagram commutes.

0 —— M —— M

Lok
1

(2) The functor M — Hompg(M,I) is exact.
(3) Every exact sequence 0 — I — M — M" — 0 splits.

Proposition 1.58. Let R be a ring and I be an R-module. The following are equivalent.
1. I 1s injective.

2. Exth(M,I) =0 for all R-modules M and n > 1.
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3. Extp(M, 1) =0 for all R-modules M.

Proposition 1.59. A product of injective modules is injective. Conversely, if a product of
modules is injective, then each of the modules is injective.

Proposition 1.60. For Z modules, injective is equivalent to divisible.

Proposition 1.61 (Baer’s Criterion). Let R be a ring, and let M be an R-module. Then
M s injective if and only if for every ideal I C R and every R-linear map f : I — M, we
can find f: R — M making the following diagram commute.

0 s I < >
fl o
L f
M

R
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1.10 Summary/Comparison of Injective/Projective R-modules

Projective Injective
Submodules need NOT be projective Submodules and quotient
modules need NOT be injective

free = projective

over a PID, free <= projective

projective = flat
for Z-modules, injective <= divisible
for any ring, injective = divisible

P is projective and n > 1 I is injective and n > 1
— VM Exth(P,M)=0 — VM Exth(M,I)=0
VM Extp(P,M) =0 VM Extp(M,I)=0
—> P is projective —> [ is injective
P is projective <= I is injective <=
VM,¥n > 1 Exth(P,M) =0 VM,¥n > 1 Extjh(M,I1) =0
P is projective —> I is injective —
M +— Hompg(P, M) is exact M +— Hompg (M, I) is exact
0—->M —-M-—P—0 0O=>I—-M-—->M'—=0
aways splits always splits
P is projective <= Every module is a submodule
3M such that P ® M is free of an injective module
Py, P, are projective <= I, I, are injective <=
P, & P, is projective I, & I is injective
If ¢ : M — M" is surjective If ¢p : M" — M is injective
and f: P — M", then and f: M' — I, then
df : P — M such that ¢f = f df : M — I such that fi¢ = f
P 0 M M
///// lf fl/ ///:/
K T
M o M" > 0 I

1.11 Ext and Tor
Proposition 1.62 (Computation of Tor). Let R be a ring, and let A, B be R-modules. Let

s Py > Py > By > A > 0

12



be a projective resolution of A. After we apply the functor —QrB and drop the term involving
A, we get an induced chain complex

.—>PQ®RB—>P1®RB—>P0®RB—>O

Then the homology of this sequence is Tor®(A, B). (The n-th homology occurs at the tensor
involving P,.)

Proposition 1.63 (Computation of Ext). Let R be a ring, and let A, B be R-modules. Let

s Py > Py > By > A > 0

be a projective resolution of A. After we apply the functor Homg(—, B) and drop the term
nwvolving A, we get an induced chain complex

0 —— Homg(Fy, B) —— Homg(P,, B) —— Hompg(P, B) —— ...

(Note: The direction is reverse because Homg(—, B) is contravariant.) Then the homology
of this sequence is Extf(A, B). (The n-th homology occurs at the Hom involving P,.)

Proposition 1.64 (Symmetry of Tor).
Tor®(A, B) = Tor?(B, A)

Proposition 1.65 (”Linearity” of Ext with Respect to Products).
Ext, (@ Aq, B> =~ [ [ Exth(Aq, B)
Ext( <A, 1T Bﬁ) > [ [ Exth(A, Bs)

B B

2 Field Theory

2.1 Review of Rings and Polynomials

Proposition 2.1. Let R be an integral domain. Then R[x] is an integral domain.
Proposition 2.2. Let k be a field. Then the polynomial ring k|x] is a principal ideal domain.

Proposition 2.3. Let A be a commutative ring and I C A an ideal. Then A/I is a field if
and only if I is maximal.

Proposition 2.4. Let A be a commutative ring and I C A an ideal. Then A/I is an integral
domain if and only if I is prime.

Proposition 2.5. Let A be an integral domain. If a € A such that a # 0 and the principal
ideal {a) is prime, then a is irreducible.
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Proposition 2.6. Let A be a unique factorization domain. Then p € A is irreducible if and
only if (p) is a prime ideal.

Proposition 2.7 (Eisenstein’s Criterion). Let R be a unique factorization domain, and let
K be the quotient field of R. Let f(z) = a,a™ + ...+ ag € Rlx| with degree n > 1. Let p be
a prime in R such that
plao, ay, ... an pta, pQJ(@o

Then f(z) is irreducible in K|x].

Proposition 2.8 (Integral Root Test). Let R be a unique factorization domain with quotient
field K. Let f(x) = a,a™ + ...+ ag € R[x]. Let o € K be a root of f, written as « = b/d
where b,d € R and b, d are relatively prime. Then blag and d|a,. In particular, if f is monic,

then « = b so a € R and «|ag. (Note: The most common application of this is when R =7
and K =Q.)

2.2 Algebraic Extensions

Proposition 2.9. FEvery finite field extension is algebraic. That is, if E is a finite field
extension of F', then every element of E is algebraic over F. (Note: Converse is false.)

Proposition 2.10. Let G, F, E be fields with G C F C E. Then

[E:G|=[F:F|[F:G]
In particular, if {x;}icr is a basis for F' over G and {y;}jcs is a basis for E over F, then
{ziy;}ajyerxs s a basis for £ over G.

Proposition 2.11. Let G, F, E be fields with G C FF C E. Then E is a finite extension of
G if and only iof E 1s finite over F' and F' is finite over G.

Proposition 2.12. Let k C E be a field extension and let o be algebraic over k. Then
k(o) = k[a] and k(«) is finite over k. Furthermore,

k() : k] = degIrr(a, k)
That 1is, the degree of the field extension is equal to the degree of the minimal irreducible
polynomial.

Proposition 2.13. Let k C E be a finite field extension. Then E s finitely generated over
k.

Proposition 2.14. Let k C E be a field extension, and suppose E = k(aq, ..., o). Let F
be a field extension of E, so that E,F C L. Then EF = F(ay,...,q,).

Proposition 2.15. Let E = k(aq, ..., ay) be a finitely generated extension of a field k, and
suppose that «; is algebraic over k for each i. Then E is a finite and algebraic extension of
k.

Proposition 2.16. The class of algebraic extensions is distinguished.
Proposition 2.17. The class of finite extensions is distinguished.

Proposition 2.18. The class of finitely generated extensions is distinguished. (Not proven
in this class,)
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2.3 Algebraic Closure

Proposition 2.19. Let k be a field, and k C E be an algebraic extension. Let o : £ — E
be an embedding of E into itself over k. (That is, o|, = Idg.) Then o : E — FE is an
automorphism (that is, it is not merely injective, but also surjective.)

Proposition 2.20. Let k, Ey, Es, E, L be fields with k C Fy,Es C E, and let 0 : E — L be
an embedding. Then
O'(ElEQ) == O'(El)O'(EQ)

(The compositum of the images is the image of the compositum.)

E o(E)
EJEQ U(El)a(Ez)‘ = 0(E\Es)
E / \ E () / \ o(Ey)
\ k / \ » /

Proposition 2.21. Let k be a field and f € kl[z] of degree > 1. Then there exists an
extension E of k in which f has a root. (In particular, if [ is irreducible we can choose the

field k[z]/(f).)

Proposition 2.22. Let k be a field. Then there exists an algebraically closed field k con-
taining k as a subfield. Furthermore, the extension k C k is algebraic. (As will be shown
later, this field is unique up to isomorphism.)

Proposition 2.23. Let k be a field and k C E an algebraic extension, and o : k — L an
embedding of k into an algebraically closed field L. Then there exists an extension 7 : E — L
so that 7|, = o. If E is algebraically closed and L is algebraic over o(k), then T is an
1somorphism.

Proposition 2.24. Let k be a field and E, E’ be algebraic extensions of k, with E, E" alge-
braically closed. Then there is an isomorphism 7 : E — E' such that 7|, = Id.

E—"—- F

RSN §
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Proposition 2.25. If k is an infinite field, then any algebraic extension of k has the same
cardinality of k.

Proposition 2.26. If k is a finite field, then the algebraic closure of k is countably infinite.
(No finite field is algebraically closed.)

2.4 Splitting Fields and Normal Extensions

Proposition 2.27. Let E, E' be splitting fields of [ € klx]. Then there is an isomorphism
7: E — B such that 7|, = k. Ifk C E C k, then any embedding ¢ : E' — k satisfying
¢l = Idy is an isomorphism ¢ : E' — E.

/\
\/

Proposition 2.28. Let k be a field with algebraic closure k. If we have a tower of algebraic
extensions k C K C k, then the following are equivalent:

1. K s the splitting field of a family of polynomials in k|x].

2. Every embedding o : K — k is actually an isomorphism o : K — K. (That is,
embeddings of splitting fields into the algebraic closure always map into the splitting

field.)

3. Every irreducible polynomial in k[z| that has a root in K splits into linear factors in
K.

(An extension satisfying the above is called normal.)

Proposition 2.29. Normal extensions remain normal under lifting. That is, if k C E C K
and K 1is normal over k, then K is normal over E.

K

E

k

If K1, K5 are normal over k and Ky, Ko C L, then the compositum KKy is normal over k,
as is K1 N K.

16



2.5 Separable Extensions

Proposition 2.30. Let F,E, L be fields with L algebraically closed and F' C E and let
o: F — L be an embedding. Define

Se={7:E—L:7Tlp=0}

That is, S, is the set of possible extensions of o to E. Then the size of S, is independent of
o

Proposition 2.31. Let k C F' C E be a tower of fields. Then
(B M, = [E: FLIF: &),
Furthermore, if [E : k] is finite, then [E : k|4 is finite and
[E: k] < [E: K]
(Later we can show that [E : k], divides [E : k| whenever [E : k] is finite.)
Proposition 2.32. Let k C F' C E be a tower of fields with [E : k] finite. Then
B k,=[E:k] « [E:Fl,=[E:F| and [F: k], = [F : k]

Proposition 2.33. Let k C F' C K be a tower of fields and let o € K be separable over k.
Then « is separable over F'.

Proposition 2.34. Let k C E be a finite extension. Then E is separable over k if and only
each o € E 1s separable over k.

Proposition 2.35. Let k C E be an algebraic extension, generated by {a;}icr. If each a; is
separable over k, then E is separable over k.

Proposition 2.36. Separable extensions form a distinguished class.

Proposition 2.37 (Primitive Element Theorem). Let k C E be a finite extension. The
following are equivalent:

1. There exists « € E so that E = k().
2. There are only finitely many fields F' such that k C FF C E.

If E is separable over k, then there exists « € E such that E = k().
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2.6 Finite Fields

Proposition 2.38. If a field has q (finite) elements, then ¢ = p" where p is a prime and
n € N.

Proposition 2.39. For each prime p and each n € N, there exists a unique field Fyn of
order p"™. It is a subfield of the algebraic closure of F, = Z/pZ. It is the splitting field of the
polynomial

flx) =2 —x

over F,, and the elements of Fyn are the roots of f. Every finite field is isomorphic to exactly
one Fpn.

Proposition 2.40. Let Fy be a finite field (with q elements). Letn € N. In a given algebraic
closure F,, there exists a unique extension of Fy, of degree n, which is Fyn.

Proposition 2.41. The multiplicative group of a finite field is cyclic.

Proposition 2.42. Let F,, be the finite field with ¢ = p™ elements. The group of automor-
phisms of Fy is cyclic of size n, and is generated by the Frobenius map x — zP.

Proposition 2.43. Let p be prime and let m,n € N. In any algebraic closure of F,, the
subfield Fyn is contained in Fym if and only if n divides m. When n divides m, Fym is a
normal and separable extension of Fyn, and the group of automorphisms of Fpym over Fyn is
cyclic of order ™, generated by ¢". (¢ is the Frobenius map.)

2.7 Inseparable Extensions

Proposition 2.44. Let k be a field with algebraic closure k, and let oo € k. Let f = Irr(a, k).
If char k = 0, then all roots of f have multiplicity one (f is separable). If chark = p for a
prime p, then there exists n € N so that every root of f has multiplicity p", and

[k() : k] = p"[k(c) : K]y
and oP" is separable over k.

Proposition 2.45. Let k C E be a finite extension. Then the separable degree [E : ks
divides the degree |E : k]. We have

E:k
chark =0 = [[E:k‘]]s:1
E -k
chark=p — [[E:k]]S:pn for some n € N

That is, every extension of a field of characteristic zero is separable.
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2.8 (Galois Theory

Proposition 2.46 (The Galois Correspondence). Let K be a finite Galois extension of k,
with Galois group G. We define a map from the set of subgroups H of G to the set of
subfields of K containing k by H — K (where K is the fized field of H). This is a
bijection. Furthermore, K¥ is Galois over k if and only if H is normal in G. If H is normal
in G, then the map G — H by o +— o|xu induces an isomorphism of G/H to Gal(K /k).

Proposition 2.47. Let K be a Galois extension of k with Galois group G. Then k = K©.
If F is an intermediate field satisfying k C F' C K, then K 1is Galois over F. Furthermore,
the map

F— Gal(K/F)

from the set of intermediate fields to the set of subgroups of G is injective.

Proposition 2.48. Let k C K be a Galois extension with Galois group G. Let F,F' be
intermediate fields (k C F,F' C k) and let H, H" be the subgroups of G belonging to F, F’
respectively (H = Gal(K/F), H = Gal(K/F")). Then

1. HN H' belongs to FF' (that is, HN H' = Gal(K/FF")).
2. The fixed field of the smallest subgroup of G containing H and H' is F N F’.
3. F C F'"if and only if H C H (the correspondence is inclusion reversing).

Proposition 2.49. Let E be a finite separable extension of k. Let K be the smallest normal
extension of k containing E. Then K is finite Galois over k. There are only a finite number
of intermediate fields F satisfying k C F' C E.

K

E

F

k

Proposition 2.50. Let E be a algebraic separable extension of k, and suppose there exists
n € N so that every element of E as degree < n over k. Then E 1is finite over k and
[E k] <n.

Proposition 2.51 (Artin’s Theorem). Let K be a field and let G be a finite group of au-
tomorphisms of K with |G| = n. Let k = K be the fized field. Then K is a finite Galois
extension of k, and Gal(K/k) = G. Furthermore, [K : k] = n. That is, if K/k is a finite
Galois extension, then [K : k| is the size of the Galois group Gal(K/k).

Proposition 2.52. Let L/K be a finite Galois extension. Then the order of the Galois
group of L over K is equal to the degree of the field extension [L : K].
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Proposition 2.53. Let K be a finite Galois extension of k and let G = Gal(K/k). Then
every subgroup H of G belongs to some subfield F so that k C F C K (that is, H =
Gal(K/F)).

Proposition 2.54. Let K be a Galois extension of k with Gal(K/k) = G. Let F be a
subfield k C F C K, and let H = Gal(K/F). Then F is normal over k if and only if H is
normal in G. If F' is normal over k, then the restriction map Gal(K/k) — Gal(F/k) given
by o — o|p is a homomorphism with kernel H. Thus

Gal(F/k) = —gjll((ff((// ]/?)

Proposition 2.55. Let K/k be an abelian Galois extension. If F is an intermediate field
k C FF C K, then F is an abelian Galois extension of k. This same proposition holds
true replacing “abelian” with “cyclic.” (Normally, F'/k may not even by Galois, but the
corresponding subgroup is normal because the Galois group is abelian in this case.)

Proposition 2.56 (Lifting of Galois Extensions). Let k C K be a Galois extension and let
k C F be any extension, and suppose that K, F are contained in some field. Then k C KF

is Galois, and K N F C K is Galois. Furthermore, the map Gal(KF/F) — Gal(K/K N F)
given by o — ok is an isomorphism.

KF
/ QKF/F)
K F
Gal(K/KﬁF\ /

KnF

k

Proposition 2.57. Let k C K be a finite Galois extension. Let F' be any extension of k.
Then [KF : F| divides [K : k.

Proposition 2.58. Let Ky, Ky be Galois extensions of k, where Ky, Ky are contained in
some field. Then the compositum KK is Galois over k. Furthermore, the map

Gal(K 1 Ky /k) — Gal(K;/k) x Gal(K3/k) o (0K, 0lky)
is injective. If Ky N Ky =k, then it is an isomorphism.

K1 Ko

PN

Kl KQ

Gal(%[(1 T %z/k’)
k

20



Proposition 2.59. Let K/k and L/k be abelian extensions of k, and K, L contained in some
field. Then KL/k is an abelian extension.

Proposition 2.60. If K/k is an abelian extension, and E/k is any extension, then KE/k
15 an abelian extension.

Proposition 2.61. If K/k is an abelian extension, and k C E C K, then E/k is abelian
and K/E is abelian.

2.9 Computing Galois Groups of Polynomials

Proposition 2.62. Let f € k[x] be a separable polynomial of degree n with Galois group G.
Then the element of G permute the roots of f, so G embeds into S,,.

Proposition 2.63 (Classification of Quadratic Extensions). Let k be a field of characteristic
# 2. Let f(x) = 2% — a € k[z], where a is not a square in k. Then f is separable and
irreducible, and if o is a root in k, then k() is the splitting field of f. Furthermore, the
Galois group of f is cyclic of order 2.

Proposition 2.64. Let K/k be an extension of degree 2, with chark # 2. Then there exists
a € k such that K = k(a) and o = a.

Proposition 2.65. Let f € k[z] be a cubic. Then f can be written in the form f(x) =
23+ ax + b for a,b € k. Concretely, given a general cubic

az® + bz +cx +d
Make the subsitution xr =y — 3% and get

3 3ac — b? N 20% — 9abe + 27a2d
Y 322 )Y 2743

Note that since we just performed a linear substitution, the roots of the new cubic are just
a linear shift of the roots of the original cubic. In particular, the Galois group remains the
same.

Proposition 2.66 (Classification of Cubic Extensions). Let k be a field of characteristic
# 2,3, and let f(x) = 3+ ax + b € k[z]. Note that f is always separable, and that f is
wrreducible if and only if it has no root in k.

Now assume f is irreducible, and let G be the Galois group. Then G = S5 if and only
if A(f) is a NOT square in k, and G = Z /37 otherwise (i.e. when the discriminant 1S a
square).

Proposition 2.67. Let f(x) = Q[z] be irreducible with deg f = p for a prime p. If f has
precisely two nonreal roots in C, then the Galois group of f is S,.

Proposition 2.68. Let f(z) € Zlx] be a monic polynomial, and let p be a prime. Let
f € Z/pZ|x] be the polynomial obtained by reducing the coefficients mod p. If f is separable,
then there is a bijection between the roots of f and f, and an embedding of the Galois group
of f into the Galois group of f.

In particular, if f factors as a product of irreducible polynomials of degree na, ..., ny,
then the Galois group of f contains an element that can be written as a product of disjoint
cycles of length ny, ... ,nyg.
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2.10 Roots of Unity

Proposition 2.69. Let k be a field, and let n,m be relatively prime integers, not divisible by
char k. Let pu, and p,, be the cyclic groups of nth and mth roots of unity respectively. Then

Homn = Ha X o,

Proposition 2.70. Let k be a field, and n € N not divisible by char k. Let ¢, be a primitive
nth root of unity in k. Then k(,)/k is a cyclic Galois extension, of order d where d|n.

Proposition 2.71. Let ¢ be a primitive nth root of unity over Q. Then

where ¢ is the Fuler totient function. Furthermore, we have an isomorphism

Gal(Q(¢)/Q) = (Z/nZ)*

Proposition 2.72. Let n,m € N be relatively prime. Let (,,(y, be primitive nth and mth
roots of unity respectively. Then

Proposition 2.73. Let ¢, be a primitive pth root of unity, and define

p—1
50
2

- ()

Consequently, every quadratic extension of Q is contained in a cyclotomic extension.

Then

Proposition 2.74 (Artin). Let G be a monoid and k a field. Let x1,...,Xn : G — k™ be
distinct characters. Then they are linearly independent (over k).

Proposition 2.75. Let k be a field and o, . .., «, be distinct elements of k*. If
Z a;o;" =0

for allm € N, then a; =0 for alli. (Note: To prove this, apply the previous theorem to the
characters m — ol* from Zsq to k*.)
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2.11 Norm and Trace

Proposition 2.76 (Properties of Norm). Let E/k be a finite extension. Then the norm Ny,
1s a multiplicative homomorphism E* — k>*. If k C F C E is a tower of finite extensions,
then

NEF = NI o NE

If E=k(a) and f(z) = Irr(a, k) = 2™ 4+ a, 12" ' + ... + ag, then
N = (=1)"ag

Proposition 2.77 (Properties of Trace). Let E/k be a finite extension. Then the trace
Trg), is an additive homomorphism E — k. If k C F' C E is a tower of finite extensions,
then

Trf = Trf o Trk

If E=Fk(a) and f(x) =Trr(a, k) = 2" + ap_1 2" L + ... + ag, then
Tri(a)(a) = —a,_1

Proposition 2.78 (Linear Map/Matrix Interpretation of Norm and Trace). Let E/k be
a finite extension. For o € E, define my, : E — E by x — ax. Viewing E as a finite
dimensional k-vector space, m,, 1is a linear map. Then

NE(a) = det(my,) Trf (@) = Tr(my)

Proposition 2.79. Let E/k be a finite separable extension. Then the map E x E — k given
by

(z,y) = Tr(zy)
is a bilinear pairing. Furthermore, if we define Tr, : E — k by Tr,(y) = Tr(zy), then the
map E — E" given by x — Tr, is an isomorphism.

Proposition 2.80. Let E/E be a finite separable extension, and let o, ..., 0, be the distinct
embeddings of E into k over k. Let wy,...,w, be a basis of E over k. Then the vectors

are linearly independent over E.

Proposition 2.81 (Hilbert’s Theorem 90). Let K/k be a cyclic Galois extension of degree
n, with Galois group G = (c). Let 8 € K. Then NE(B) = 1 if and only if there exists o # 0
i K such that § = %

Proposition 2.82 (Kummer). Let k be a field, and let n € N with ged(n,chark) = 1 (if
chark # 0). Assume that there is a primitive nth root of unity in k.

1. Let K/k be a cyclic Galois extension of degree n. Then there exists a € K such that
K = k(«), and « satisfies the equation ™ —a = 0 for some a € k.
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2. Ifa € k and « is a root of " — a, then k(«)/k is a cyclic Galois extension of degree d
where d|n, and a® € k.

Proposition 2.83 (Hilber’s Theorem 90, Additive Form). Let K/k be a cyclic Galois ex-
tension of degree n with Galois group G = (o). Let f € K. Then Try (8) = 0 if and only if
there exists a € K such that f = o — o(«).

Proposition 2.84 (Artin-Schreier). Let k be a field of characteristic p > 0.

1. If K/k is a cyclic Galois extension of degree p, then there exists o € K such that
K = k() and « satisfies the equation 2™ —x — a = 0 for some a € k.

2. If a € k, then the polynomial x™ — x — a either has one root in k or is irreducible. If
it has a root in k, then all roots lie in k. If it is irreducible, then k(«a)/k is a cyclic
Galois extension of degree p.

2.12 Solvable and Solvable by Radicals

Proposition 2.85. Solvable extensions form a distinguished class.
Proposition 2.86. Fxtensions that are solvable by radicals form a distinguished class.

Proposition 2.87. Let E/k be a finite separable extension. Then E/k is solvable by radicals
if and only if it 1s solvable.

24



	Modules over Rings
	Hom Functor
	Free Modules
	Dual Module
	Modules over Principal Ideal Domains
	Tensor Products
	Flat Modules
	Homology
	Projective Modules
	Injective Modules
	Summary/Comparison of Injective/Projective R-modules
	Ext and Tor

	Field Theory
	Review of Rings and Polynomials
	Algebraic Extensions
	Algebraic Closure
	Splitting Fields and Normal Extensions
	Separable Extensions
	Finite Fields
	Inseparable Extensions
	Galois Theory
	Computing Galois Groups of Polynomials
	Roots of Unity
	Norm and Trace
	Solvable and Solvable by Radicals


